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Abstract 

We discuss the classical aspects of dynamics of scalar models with non-positive 
Higgs potentials in the FRW cosmology. These models appear as effective local models 
in non-local models related with string field theories. After a suitable field redefinition 
these models have the form of local Higgs models with a negative extra cosmological 
term and the total Higgs potential is non-positively defined and has rather small cou- 
pling constant. The non-positivity of the potential leads to the fact that on some stage 
of evolution the expansion mode gives place to the mode of contraction, due to that 
the stage of reheating is absent. In these models the hard regime of inflation gives 
place to inflation near the hill top and the area of the slow roll inflation is very small. 
Meanwhile one can obtain enough e-foldings before the contraction to make the model 
under consideration admissible to describe inflation. 
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1 Introductory remarks 



Scalar fields play a central role in current models of the early Universe - the majority of 
present models of inflation requires an introduction of an additional scalar - the infiaton 
[D El El m [5] . Though the mass of the infiaton is not fixed, typical considerations deal with 
a heavy scalar field with mass 10^^ GeV [6]. The interaction of the infiaton (self-interacting 
and interacting with matter fields) is not fixed too, moreover, in typical examples the self- 
interaction potential energy density of the infiaton is undiluted by the expansion of the 
universe and it acts as an effective cosmological constant. However the detailed evolution 
depends on the specific form of the potential V. In the last years, in particular, Higgs 
inflation has attracted a lot of attention [9]-jl^. The kinetic term usually has the standard 
form, however models with nonstandard kinetic terms also have attracted attention in the 
literature [13]- [T7]. The present paper deals with models mainly related with a nonlocal 
kinetic term of a special form jT7]-|38]. 

The distinguish property of these models is their string field (SFT) origin [39]. The 
original motivation to deal with this type of nonlocal cosmological models was related with 
the dark energy problems [T7]. The relevance of this type of models to the early Universe 
problems has been pointed out in [25l [26] . In this case the scalar field is the tachyon of the 
NSR fermion string and the model has the form of a nonlocal Higgs model. These nonlocal 
factors produce essential changes in cosmology. Due to the effect of stretching the potential 
with the kinetic energy advocated by Lidsey[25j, Barnaby and Cline[26] nonlocality destroys 
the relation between the coupling constant in the potential, the mass term and the value of 
the vacuum energy (cosmological constant) and produces the total Higgs potential with the 
negative extra cosmological term. This total Higgs potential is non-positively defined. 

We discuss the classical aspect of dynamics of scalar models with non-positive Higgs 
potentials in the FRW cosmology. As it has been mentioned above these models appear as 
effective local models in nonlocal models of a special form related with string field theory. 

Since nonlocality can produce an effective local theory with rather small coupling constant 
some stages of evolution can be described by the free tachyon approximation. Due to this 
reason we start from consideration of dynamics of the free tachyon in the FRW metric. We 
show that generally speaking there are 4 stages of evolution of the tachyon in the FRW 
metric: reaching the perturbative vacuum from the past cosmological singularity; rolling 
from the perturbative vacuum; transition from inflation to contraction and in the ending 
contraction to the future cosmological singularity. We present approximations suitable to 
study evolution near the past cosmological singularity, evolution near the top of the hill and 
evolution near the transition from expansion to contraction. 

As to the case of the quartic potential the situation depends on the constant relations. 
For very small coupling constant the hard regime of infiaton gives place to inflation near 
the hill top making the area of the slow-roll inflation very small. Meanwhile the model can 
perform enough e-foldings to make the model under consideration admissible do describe 
inflation. 

The plan of the paper is the following. We start. Sect. 2.1, from the short exposition 
why the nonlocality of the SFT type produces non-positively defined potentials. In Sect. 
2.2 we remind the known facts about massive scalar field and the positively defined Higgs 
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potential. 

In Sect. 3 we consider dynamics of the free tachyon in the FRW metric. First, we show 
the presence of the cosmological singularity [51]. Then we show that starting from the 
top of the hill the tachyon first evolves as an inflaton, i.e. it keeps the inflation regime. 
After performing a finite number of e-foldings Nmax the tachyon reaches the boundary of 
the forbidden domain at some point {(j)max, (pmax) of the phase diagram. At this point the 
Hubble H becomes equal to zero and the tachyon continues to evolve with negative H, i.e. 
the tachyon becomes in fact a "contracton" . We study the phase portrait of the system and 
conclude that near the top we can use the de Sitter approximation and, moreover, we can 
restrict ourself to consideration of one mode of the tachyon evolution, so called Ci-mode, 
and find corrections to the dS approximation. This regime has been previously studied in 
1^ H2] . The Ci-mode is a more viable mode and in the case of the zero cosmological constant 
describes exponentially increasing solution at t — )■ oo. To study dynamics of the system near 
the boundary of the accessible area in more details we use a special parametrization, that is in 
fact a generalization of a parameterizations that one has used previously to study dynamics 
of the inflaton with a positively defined potential in the FRW metric [51| and refs. therein. 
Using this parametrization we find asymptotic behavior near the boundary of the accessible 
region. 

In Sect. 4 we consider dynamics of the Higgs field in the FRW metric in the presence of an 
extra negative cosmological constant. This constant makes the total potential non-positively 
defined and produces the forbidden area in the phase space of the Higgs field. 

In conclusion we briefly summarize new cosmological features for Higgs potentials with 
extra negative cosmological constant. The perturbation analysis will be the subject of for- 
going paper. 



2 Setup 

2.1 Non-positively defined potentials as a consequence of nonlo- 
cality 

In this section we make few remarks why scalar matter nonlocality leads to essential changes 
of properties of corresponding cosmological models in comparison with those of pure local 
cosmological models (we mean early cosmological models). These changes appear due to an 
effective stretch of the kinetic part of the matter Lagrangian. 
We deal with the nonlocal action originated from SFT [T7] 



S 



d Xy 



-9 



m 



-R + ( + /i')e-^°0 - V(0) - A 



(2.1.1) 



is a dimensionless scalar 



where □ is the D'Alembertian operator, □ ; 
field and all constants are dimensionless. 

The spatially isotropic dynamics of this field in the FRW metric, with the interval: 



ds'^ = — dt^ + a^it) {dx\ + dx\ + dx^ 
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is given by nonlocal equation of motion 



(2.1.2) 
(2.1.3) 



where the Hubble parameter H = d/a, S is a sum of nonlocal modified kinetic and potential 
energies, that are explicit functional of and 0. S is given by (see also |i47j-[49j) 



S = 2Eoo - goo {g'^'E^^ + W) 



where 
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In the main consideration we deal with 1^(0) = ecj)'^ and fo = —fi"^ (the tachyon case). 
In comparison with the local scalar field dynamics in the FRW metric 



(f) + 3H(j) 



-VL 



1 ■. 



87rG(^02 + \/(0)), 



(2.1.4) 
(2.1.5) 



there are two essential differences: there is a nonlocal kinetic term in the equation for 
scalar field (2.1.2) as well as the form of the energy is different. Generally speaking the 



system (2.1.2), (2.1.3) is a complicated system of nonlocal equations and its study is a rather 



nontrivial mathematical problem. There are several approaches to study this system. Let us 



first mention the results of study of equation (2.1.2) in the flat metric, i.e. equation (2.1.2) 
with H = 0. In the flat metric for the quartic potential it is known that for ^ < there 
exists an interpolating solution of (2.1.2) between two vacuc|^ There is a numerical evidence 
for existence of oscillator solutions for ^ > ^c- In the LHS of ( |2.1.2 ) there is a nonlocal term 
that is related with the diffusion equation. This relation provides rather interesting physical 
consequences [50] . 

The case of the FRW metric in the context of the DE problem has been studied in 
[13 [201 [2H1 120] • In the context of the inflation problem this system (especially in the case 
^ = 0) has been studied in [23, 120] ■ In ^Sj it has been pointed out that nonlocal operators 
lead to the effects that can be quantified in terms of a local field theory with a potential 
whose curvature around the turning point is strongly suppressed. 

In the case of a quadratic potential a cosmological model with one nonlocal scalar field 
can be presented as a model with local scalar fields and quadratic potentials [221 1211 1211 
[2S1 EH [Ml [SZ] • For this model it has been observed [2S1 12S] that in the regime suitable for 
the Early Universe the effect of the effective stretch of the kinetic terms takes place (see 



^There is no interpolating solution for the case of cubic potential |47j . 
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also [211129]). One can generalize this result to a nonlinear case and assume that a nonlocal 
nonlinear model can be described by an effective local nonlinear theory with the following 
energy density 



1 V 



X 2 

and the tachyon dynamics equation becomes 



2 J,2 



+ A, 



fx 



-ee 



where 



H 



V3 



rrir. 



2A2 



1 



e04 + A 



(2.1.6) 
(2.1.7) 
(2.1.8) 



and we take ^ = 1 for simplicity. i7 is a modified "frequency" of the asymptotic expansion 
for equation (2.1.7) in the fiat case. In the first approximation Q = fi. 



where 



Or in other words, one can say that the higher powers in □ cause the factor e 
Q"^ in the first approximation is just equal to fi^. Therefore, the corresponding effective 
action becomes 



S 



m: 



1 



-A 



In term of the canonical field (p = e^^ the action (2.1.9) becomes 

,2 



S 



d Xy 
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mz 



^R+ -if{n + fi^)ip 



(2.1.9) 



(2.1.10) 



Just this form is responsible for equation (2.1.7) for V{(j)) = This equation is nothing 

more than equation for the Higgs scalar field considered as an infiaton. There is only one 
difference, that in fact, as we will see, is very important. The potential for the Higgs model 
being considered usually in the context of the cosmological applications is 

e 



2\2 



(2.1.11) 



i.e. the cosmological constant A = |a is such that the potential is the positively defined 
potential. Let us remind that in the SFT inspired nonlocal model the value of the cosmolog- 
ical constant is also fixed by the Sen conjecture |39l HSl E] that exactly puts the potential 
energy of the system in the nontrivial vacua equal to zero 

,2\ 2 



that gives us he value of A 
positivity 



+ -e0' + A 
4 



e 



(2.1.12) 



4e • 



The appearance of the extra factor e destroys this 



Vel{(P) 



1 



-/i e 



4 ^ 4e 



(^02 - ^e^^^y + ^ (l - e^^^') , (2.1.13) 



(here "EL" means "effective local model"). Since A > 0, we have to deal with non-positively 
defined potential. 



5 



2.2 Phase portraits for positively defined potentials 



Cosmological models with one scalar field with positively defined potential are well studied 
models, see for example [21 EB EH ESI EH]- Let us remind the main features of the phase 
portraits of these models. The phase portrait for a free massive field that is a solution of 



+ 3W — ( - 02 + —02 j ^ = _^2^^ ^2.2.1) 

is presented in FigjTjA. The same phase portrait is presented in FigjTjB in compactified 
variables. The advantage of this picture is that we see the existence of the cosmological 
singularity. The phase portrait for the Higgs field with positively defined potential 



+ ^ 02 + |(02 _ ^2)2j ^ = _,^3 ^ ^^2^^ (2.2.2) 

is presented in Fig. 2. A. 



\ \ \ 


w i \ \^ 


\ 




I 








I 




\\\ \ \ \ \ \ \ \ \ 


\ 




I 












^> 






\ 




I 












/ / // 










\ 




I 












/ 
1 


// 

t 




1 // 

/ / 




\ 
\ 




I 
I 












I 










J 
1 




A 




I 
I 






















1 




/, 


\ 




I 
















20 






















2 
















1 




r 


'I 




1 


*) 




















1 
1 


H 


\N / 


1 
I 








- 














1 




\ 


\^ / / 








: 














1 




\ 


\\ 








J 


/ 


I 












1 




-\ 


\ V* 






// 


/ 












1 




\ 


\ \ \ \^ 


















1 




\ 


\ \ \ \ ^ 


\ \ \ \\\ 












1 


1-A 


\ 


\ \ 


\ 


\ \ \ 




A. 



B. 



Figure 1: (color online) A. The phase portrait of equation (2.2.1). B. Infiaton fiows in 



compactified variables -0 vs p are given by the phase portrait of equations (2.2.6) and (2.2.7). 



Comparing the infiaton fiows in FigjTjA, Fig.2.A, we see that there is no big difference 
between the phase portrait presenting the chaotic infiation (2.2.1) and the phase portrait of 
eq. (2.2.2). This is in accordance with the general statement about a weak dependence of 
the infiaton fiow on the potentials. Only explicit formulae describing the slow-roll regime 
as well as the oscillation regime are different. In all these cases there are 3 stages (eras) of 
evolution. Just after cosmological singularity the ultra-hard regime starts. Then in the case 
of any positive/negative initial position 0(0) > 0/0(0) < the infiaton reaches very fast the 
"right" / "left" attractor. Then the infiaton moves along the "right" / "left" slow-roll line. In 
particular, in FigjTjA there is almost horizontal line that corresponds to the "right" slow-roll 
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Figure 2: (color online) A. The phase portrait of equation (2.2.2). B. The Phase portrait 



of the system of equations (2.2.8), (2.2.9) 



oscillations near the point = 0, 



pa 

m 



FigjllA, or near one of two nonperturbative vacua 



line and it is seen in the plot as a common part of the red, pink and magenta lines. Then 
oscillations ne 
Fig.2.A start. 

It is well known that it is convenient to present the phase portraits in the compactified 
variables ^ {G = ^) 



H 



Snip p 

SmTUp p 

y/l2^ I- p 
P 



sin 6* cos V', 



m- 



cos9. 



P 



(2.2.3) 
(2.2.4) 
(2.2.5) 



With the help of these variables we can rewrite equations (2.2.1) and H 



in the 



following form (here we use the time variable a such that ^ = where r = mt) 



Pa 



3p'(l-p) . 2 / 
sm ip, 



V2 
-il-p)- 



3p 
2V2 



sin 2?/', 



(2.2.6) 
(2.2.7) 
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and equation for the Higgs inflaton (2.2.2) has the form {g = 3-^) 



1 - pfp sin^ 6 sin 2iIj - p^(l - p) cos 6* (l + 4 sin^ 6 sin^ ip) 



+ —(l-pfcos9 + gp^sm'^9cos^ij{—^ 
2^ VI -P 



cos ip COS 9 — sin 



3 p2 
V'o- = — -pcos6'sin2?/' + (1 — p) cos2?/' — (7- sm'^9cos^tp. 

9^ = (1 -p)sin2^sin2g - 77: '^^ sing + psing [l - 3sin^^ 



2g P 



P 

+ 2 sin^ '?/' sin^ 6'] — (7 sin'^ 9 cos^ t/^ 

^ I - P 



P 



(2.2.8) 



(2.2.9) 



sin ip cos H — sin^ 9 cos if) 

1-p 



(2.2.10) 



Phase portraits for systems of equations (2.2.6), (2.2.7) and (2.2.8), (2.2.9) are presented 
in Fig.l.B. and Fig.2.B. 



3 Free Tachyon in the FRW space 

3.1 The exact phase portrait of the free tachyon 

The dynamics of the free tachyon in the FRW metric corresponding to the expansion {H > 0) 
is described by the following equation 



+ 3i 



'8nG ( 1 • 



^^2 



A 



P 



(3.1.1) 



The phase portraits of eq. (3.1.1 ) is presented in Figl3 A. We see that there are two forbidden 



regions in the phase space. The distance between these forbidden regions depends on the 
value of the cosmological constant. The boundary of the accessible domain is given by the 
relation = ±a/ p^0^ — 2A. The accessible region is divided by 4 domains, I, II, III and 
IV, that are separated by two separatrices: S\ and S'2, see Figj3|A. The upper half of the 
separatrix 5*1 is an attractor (the "right" attractor), and the low part of the separatrix 5*1 is 
the other attractor (the "left" attractor). The separatrix S'2 consists of two repulsers. 

In Fig|3jA. we see several eras of the tachyon evolution. Let us consider trajectories 
starting at region I. First, the tachyon reaches the area of the right attractor. In particular, 
starting from zero initial value 0(0) = (the corresponding trajectories are presented in 
Figj3]A. by colored lines) the tachyon decreasing the value of H reaches the area near the 
boundary of the accessible domain, where H = 0. In Figj4}A. the lines with fixed positive 
values of H are denoted by the blue dashed lines. In Fig|4jB we present the 3d plot of values 
of H depending on the position in the phase diagram. In the end of this era of evolution the 
tachyon reaches the line corresponding to H = 0. Then the tachyon keeps moving in the 
area of the negative H, see Figj3]B, regions V and VI. Therefore, starting at region I the 
tachyon continues its evolution in region V. The tachyon EOM in regions V and VI has the 
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Figure 3: (color online) A. The phase portrait of equation (3.1.1). The accessible region 



is divided by 4 domains, that are separated by two separatrices: Si (the red dotted line) 
and 5*2 (the magenta dotted line). Colored lines present trajectories starting from different 



points of the phase diagram. B. The phase portrait of equation (3.1.2). Continuations of the 



trajectories presented in the left panel to solutions of the Friedman equation with negative 
values of H are indicated by the same numbers with primes added. 



form 



'SttG / 1 



^^2 



A 



(3.1.2) 



We see from the phase portrait Figj3j that for finite and there are no critical points. 
To search for critical points in the infinite phase space as well as to justify approximations 
in different domains of the phase space (in particular, in neighborhood of the forbidden 
domains) it is convenient following to |5T] to rewrite the scalar field equation in FRW space- 
time as a system of equations for 3-dimensional dynamical system. There are two types of 



slightly different recipes how to do this. One is given in pT] and uses variables ( 3.3.2 )-( 3.3.4) 
(see below) and the second one is given in [SB] for positively defined potentials and is given 



(see sect 



sect, 3.7) 



by formula (3.7.1 )-(3. 7.3 ). The first recipe is convenient to study the cosmological singularity 
,3.3) and the second one - to study a transition from expansion to contraction (see 



3.2 Free Tachyon in FRW in the slow-roll regime 

In the slow-roll regime one usually ignores the second derivative of the field on time in the 
equation of motion and the kinetic term in the equation for H . In this case the tachyon 
equation becomes 



'SttG 



A 
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(3.2.1) 
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A. B. 

Figure 4: (color online) A. The same phase portrait as in FigjsjA. with marked lines (dashed 
blue lines) of the constant values of H. The thick dashed line corresponds to = 3/tA 
{k = ^^). The solid blue line corresponds to if = and defines the boundary of the 

accessible domain. B. The plot of the functional k(|V^^ — + A) that defines the value 
of (here (p = The intersection with the yellow plane corresponds to the boundary of 
the accessible region. 



This equation obviously has a meaning only for 



< 



According to the common approach we can use the slow-roll approximation when slow-roll 
parameters e and rj are very small 
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< 1, 



< 1. 



We can see the typical behaviour of these parameters for the model being considered in 
FigjS] A and B in the case when the slow-roll conditions are satisfied. As we see in some 
interval of (p values near the slow-roll parameters are small enough. That means that one 
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Figure 5: (color online) A. The dependence of slow-roll parameter e on in the case when 
the slow-roll conditions are satisfied. B. The dependence of slow-roll parameter r/ on in the 
case when the slow-roll conditions are satisfied. C. The phase portraits for the model when 
the slow-roll conditions are satisfied on some interval of (p values near 0. The green solid 
lines correspond to different exact trajectories, the blue dashed and dot line corresponds to 
the slow- roll trajectory. D. The zoomed part of the Fig.C near (0,0) where the slow-roll 
conditions are highly satisfied. 
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should expect a good approximation of slow-roll solution for the exact phase trajectories on 
this interval. 

We can see in the phase portraits shown in FigjS] C and D that really in this case on 
some interval of cj) values near the exact phase trajectories are close enough to the slow- 
roll trajectory. When the slow-roll parameters become large enough we see the difference 
between the exact trajectories and the slow-roll trajectory. 

In the case when the slow-roll conditions are not satisfied the slow-roll parameters evolve 
as it's shown in Figj6] A and B. The phase portraits for this case are shown in Fig|6] C and 
D. As we see the exact trajectories cross the slow-roll trajectory but don't keep on evolving 
along it. It means that the slow-roll approximation really cannot be used for the description 
of the exact trajectories in this case. We can note that in the region where (f) is small enough 
the minima of the exact phase trajectories are situated on the slow- roll trajectory. It is 
connected with the fact that the minimum of the exact phase trajectory corresponds to the 
point where = and if we also can neglect in the expression for H then from the exact 
equation of motion we obtain the point of the slow-roll trajectory. 

3.3 Tachyon dynamics near cosmological singularity 

To study tachyon dynamics near the cosmological singularity let us consider for simplicity 
the case of the zero cosmological constant 



+ 3j^(^0^-^0M<^ = /^V (3.3.1) 



This approach is valid when and are large enough. 
In terms of dimensionless variables 



system (3.3.1) has the form 



y = (3.3.3) 

Z = -, (3.3.4) 
r = lit, (3.3.5) 



Xr = Y, (3.3.6) 
Yr = +X-3ZY, (3.3.7) 
Zr = -X^ -2Y^ - Z^. (3.3.8) 
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Figure 6: (color online) A. The dependence of slow-roll parameter e on in the case when 
the slow-roll conditions are not satisfied. B. The dependence of slow-roll parameter 77 on in 
the case when the slow-roll conditions are not satisfied. C. The phase portraits for the model 
when the slow-roll conditions are not satisfied. The green solid lines correspond to different 
exact trajectories, the blue dashed and dot line corresponds to the slow-roll trajectory. D. 
The zoomed part of the Fig.C near (0,0). 
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To get compactification of the phase space we use the coordinates of the unit ball 

X = — - — sin^cos?/), 
1-p 

Y = — - — sin 6' sin?/', 
1 - p 

Z = — - — cos 9, 
1 - p 

and in these new coordinates the equation of motion takes the form 



Po 



p(i-p)' 



— -psin 2ijj cos 6* 



sin 2ip sin^ 9 
1 - 



P 



1-p 

p) cos 2?/' 



cos 9 (1 + 4sin2V'sin^^) 



'1 — p) sin 211) sin 29 + p sin 6* (l + sin^ ip — 4 cos^ 9 sin^ 



here 



da 

dr 



1-p 



This system has 4 critical points with p = 1 lying on the cone 



that in the spherical coordinates has the form 



These critical points are 



tan'^9 




1 






cos2'?/) 


9o = 


71 




4' 


^°=2' 


9o = 


71 


/ ^ 


4' 


^0 = -2 , 


9o = 


Svr 




T' 


^°=2' 


9o = 




/ ^ 


T' 





(3.3.9) 
(3.3.10) 
(3.3.11) 

(3.3.12) 

(3.3.13) 
(3.3.14) 



(3.3.15) 



(3.3 


16) 


(3.3 


17) 


(3.3 


18) 


(3.3 


19) 



Let us now consider the behavior of the system near the critical point (3.3.16), i.e. 
p = 1, 9o = J, ipQ = ^. The have near this point in the linear approximation 



d 

da 
d 

da 
d 

da 



Apia) 
Ai) {a) 



■ Ap (a) V2, 

-Ap {a) + ^ V2Ai, (a) 



A9{a) = 2V2A9{a) 



(3.3.20) 
(3.3.21) 
(3.3.22) 
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A. 



B. 



Figure 7: (color online) A. The 3- dimensional picture of the dynamics of the tachyon 
(system of equations (3.3.12)-(3.3.14)). We see that all trajectories starting on the conus 



keep moving on the conus. The red parts of trajectories correspond to the expansion and 
the blue part to the contraction. B. The projection of the previous picture on the XF-plane. 
This picture is the tachyon analogue of the picture for the free particle in the FRW presented 
in the Figjl] 



The eigenvalues are (1^2, 1^2, 2^2), and solut ions to this system are 



Apia) 
(a) 
AO (a ) 



V2a 



0262 
3 ' 



(3.3.23) 
(3.3.24) 
(3.3.25) 



3.4 Approximation of tachyon dynamics in the FRW by dynamics 
in the dS space 

During the evolution of the tachyon between two dashed lines, see FigjljA, corresponding to 
H = Ho ± AHq, we can ignore the dependence of H on time and we take an approximate 

+ 3i/o0 = /iV (3.4.1) 
Near the thick blue dashed line we can use 

Ho = (3.4.2) 

and near the starting point with given 0o and 0o "we can use the approximation 
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In Fig|8|A we present the phase diagram for the tachyon evolution in the dS space, 
equation (3.4.1 ). We see that there are two attractors and two repulsers. The phase portraits 
for dynamics of the tachyon in the dS space with two different A are presented in FigjSjB 
by blue and magenta vectors (the blue vectors for small A and the magenta vectors for large 
A). 
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Figure 8: (color online) A. The phase portrait of the tachyon evolving in the dS space. There 
are two attractors and two repulsers. B. A comparison of the tachyon phase portraits in the 
dS space with different A (the blue vectors for small A, the magenta vectors for large A). The 
blue/cyan and red/pink solid lines present the dynamics of the tachyon with the same initial 
data in the dS space-time with different values of the cosmological constant A. The blue/red 
and cyan/pink lines have the same initial coordinates, but different initial velocities. 



Equation (3.4.1) has solutions 

0(t) = C, e'+' + C2 e'-\ (3.4.3) 

where 

r^ = -lH,±^-^lHi^\ (3.4.4) 

i.e. r+ > 0, r„ < 0. We see that for if > the C2-mode decreases faster in comparison 
with the Ci-mode that increases for large t. 
For the initial date 0(0) = we have 

(t){t) = C e-=^/2 H,t gi^j^ ^ J 1 + ^ I ^ Ci = C/2 (3.4.5) 

and 

lim 

t-s-oo (p[tj 





lim^ = -^iJo + ^Wl +;^^. (3.4.6) 
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This is exactly the same answer if we keep only the first term in (3.4.3). One can say 
that Ci-mode is an attractor for all solutions of the tachyon dS equation with zero initial 
coordinates. Ci-mode is important for large times, but we cannot ignore the C2-mode for 
small times. We also see that the Ci-mode is a dominating mode for t > for the case when 
Hq = 0. One can say that the Ci-mode is a viable mode and the C2-mode is a transient one. 

To select the Ci-mode one can also assume that one deals with the solution such as if 
the tachyon was sitting on the top of the hill aX t = — oo. 

Let's note that the Ci-mode corresponds to the slow-roll trajectory on the interval where 
we can consider H as an approximate constant. It means that the slow-roll trajectory is a 
quasi-attractor for the exact trajectories. 

To illustrate how the approximation (3.4.1) works, in Figjojwe compare phase portraits 
for equations (3.1.1) and (3.4.1). We see that for small times and small initial velocities the 
approximation works, but it is failed for large times 
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Figure 9: (color online) A. A comparison of the exact evolution (numerical solution of eq. 



(3.1.1 )) with an approximate evolution (3.4.1) with Ho given by (3.4.2). The solid green and 
khaki lines in the left panel represent the exact trajectories and the blue and cyan dashed 
lines represent the approximate trajectories. Magenta vectors in the left panel represent the 
phase portrait of the exact equation. Blue vectors in the right panel represent the phase 
portrait in the dS space. B. The solution and the phase portraits for the approximate 
equation. 



To estimate a deviation of H from the initial Hq we calculate the energy of solution 



(3.4.3) of the tachyon equation in the dS space-time. The energy of this solution is a sum of 



the energies of two modes 



E = Ec^ + 
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where 



Ec. = \^k- "^^l. = Cl \ Hi [l - ^l + l^^ e--\ (3.4.7) 

Ec. = l^k- = Cl I Hi + ^/l+l^) e--. (3.4.8) 

We see that Ci gives a negative contribution to the energy and C2-mode gives a positive 
one. Since the Ci-mode is more viable mode its negative energy contribution dominates and 
the tachyon loses the initial energy in the FRW space up to zero value. 



3.5 Inflation over the hill 



In this subsection we remind the consideration of a scalar field rolling over the top of a 
local maximum of a potential following the paper by Tzirakis and Kinney |12]. This evo- 
lution needs a special attention as it cannot be considered in framework of the slow-roll 
approximation. It follows from the fact that in the slow-roll limit 



<PocV' (0) = 0, 



at the maximum of the potential. 



The tachyon equation (|3.4.1|) can be rewritten in terms of the number of e-foldings N, 

(3.5.9) 



N = Ina/ainitiai (we omit ai„iuai) as 



0" + 30' = 



where z/^ 



with 



and 



The general solution of (3.5.9) is 



0(iV) = 0+e'^+^ + 0_ 



(3.5.10) 



1 =F -v/l + |z^^). This form of the tachyon evolution is just the reparametriza- 



tion of ( |3.4.3[ ). 

If u"^ is small, the constants i>± become in the first approximation 



(3.5.11) 



As in the previous consideration the general solution (3.5.10) can be decomposed into 
two branches: a transient branch z/„ which dominates at early times, and a "slow-rolling" 
branch z/_|_ which can be identified as the late-time attractor. 

If we consider these branches separately we see that the slow-roll parameters are 

2 

e 



rrir 



(3.5.12) 



f] = -z/± + e. 
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Near the maximum of the potential being considered, (f) ^ and e ^ 1, so that 



7] ^ = constant. (3.5.13) 



Even though we assume e to be small, it is obvious from eqs. (3.5.11 ) and (3.5.13) that the 
i/_ branch will never satisfy the slow -roll conditions, since r] > 3 always. For the branch, 
the slow-roll limit is obtained for u 1 for which 



1/2 



\Vsr\ ~ y < 1. 

It was also shown in [42j that z/_ branch corresponds to a field rolling up the potential. 



If we consider the whole solution (3.5.10) we see that in order for the field to be a 



monotonic function of time, its derivative must not change a sign. It means 

'+0+e"+^ + z/_0_e"'^ ^ 0, (3.5.14) 



dN 

we assume that the derivative of the field with respect to is a smooth function throughout 
its evolution. Since we know the signs of the constants i'±, the above condition can be 
achieved only if one of the coefficients (f)± is negative. If we take (p- < 0, it will result in a 
positive time derivative for the field 

If here we consider the field rolling over the hill then at some moment when N = Nq the 
field must get the value equal to that corresponds to the maximum of the potential. It 
means that 

We can rewrite the expression for the general solution as follows 



where 

A = 0+e''+^° = -0_e^-^o. 

As we see in the left part of potential the i/_ branch dominates that means that slow-roll 
approximation cannot be used in this region and after rolling over the top the i/+ branch 
dominates and slow-roll mode can start if necessary conditions are satisfied. 

In the next subsection we consider the next approximation of the tachyon in the FRW 
metric. 



3.6 



Next-to-leading terms in the approximate dynamics of the 
tachyon in the FRW metric 



Starting from the dS approximation, H = Hq, where Hq is given by (3.4.2), and selecting 
the Ci-mode one can find a solution of equation (3.1.1) performing an analytical expansion 
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in powers of the Ci-mode [211 [26], [30] , 

oo 

m = E' 

n=l 

oo 

H{t) = Ho-Y,Hn 



n=l 



In the next to the leading approximation 

H{t) = Ho~ H^e^'^' + 

with 



H2 = -37rG(f)lHo 1- Wl + 



4 fi^ 
9Hi 



In this approximation the tachyon equation (3.1.1) has the form 



and expanding the solution in the series (3.6.15) we get 

(Ppert.solit) ~ 0ie"+* + 036^"+* + 

where 



3Ho 



8r+ + 6Ho 



(3.6.15) 
(3.6.16) 

(3.6.17) 
(3.6.18) 

(3.6.19) 

(3.6.20) 
(3.6.21) 



Note that the denominator in (3.6.21) has no zeros. 



Note also that in the accepted scheme of calculation we get an one-parametric set of 
solutions and we deal only with the more viable mode. We can check this explicitly. To this 



purpose we note that the general solution to (3.6.19) has the form 

0(t) = (ciM(a, a, x) + C2W(a, a, x)) e^e"^'"'+*, 
where M is the Whittaker M function and W is the Whittaker W function and 

3i/2e2^+* 



(3.6.22) 



2r+ + 3Ho 
4r^ 



9H^ + 4fi^ 
4r^ 



X 



2r, 



Using the relation of the Whittaker function with the hypergeometrical function 
$(a, (3, z) =1 -Fi(a, /3, z) we get 



e^+* I ci 



mo 



+ C2 



r(2a) f?>H2 



r(i) V2r. 



2r4- / V 2 

a+ 



$ ( :r,l + 2a,x +C2 



2 / 1 

■ 2 



3H2 

r(i-2a) 
2a, 1 — 2a, x 



$ ( -,l + 2a,a; 



(3.6.23) 
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and the series expansion 



a z a(a + 1) z'^ 
*(a,7,.) = l + -^ + ;i^^ + ... 



we get 



r(-2a) \ fSH. 



a+i 



r(-2a) \ f3H2Y 



ra-2a)J \2r+J 2(1 + 2a) 



1 -4a 



+ "^m) V2rW 2(1 -2a)- 



,(3-4a) r+t 



(3.6.24) 



We see that to select the solution that starts from zero at t = — oo we have to remove the 
C2-mode 



s.b.c.{t) = ciM{a,a,x) ^ ci 



'3H2 
2r7 



2r . 



1 



2(1 + 2a) 



(3.6.25) 



here the subscript s.b.c. means the special boundary condition that selects the Ci-mode. 
Denoting 

'3H2 



Cl 



2r, 



(3.6.26) 



from (3.6.25) we get (3.6.20) where 03 is given by (3.6.21). 



Numerical solutions to equation (3.6.19) are presented in Fig, 10 A by dotted red and 
magenta lines. We can also see in Fig|10[B a comparison of the evolution described by 
equation (3.6.19) with the exact evolution (numerical solution to equation (3.1.1)) of the 



tachyon dynamics in the FRW space (green and khaki solid lines). We see that near the top 
there is no essential difference between the first approximation (corresponding solutions are 
presented by dashed blue and cyan lines) and the next approximations as well as a difference 
between the first approximation and the exact solutions. We also see that for the small 
initial velocity the next to leading approximation (the magenta dotted line) to the exact 
solution (the khaki solid line) works better in comparison with the same approximation 
(the red dotted line) to the solution with the large initial velocity (the green solid line) as 
well as the correction to the first approximation is more essential for the case of the small 
velocity. However near the forbidden region the approximations do not work at all. In the 
next subsection we study the dynamics near the boundary of the forbidden region in more 
details. 
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Figure 10: (color online) A. First order approximation (dashed blue and cyan lines) and the 
third order approximation (dotted red and magenta lines) to solutions of ( 3.1.1[ ). The first 
order approximation is given by the dynamics of tachyon in the dS space and third order 



approximation is calculated as a solution of (3.6.19) with given by (3.6.18). Blue vectors 



represent the phase portrait of the tachyon in the dS space. B. A comparison with the exact 



solutions of (3.1.1) (khaki and green solid lines). Red vectors represent the phase portrait 
of the tachyon in the FRW space. 



3.7 Expansion to contraction 

3.7.1 Tachyon dynamics on e-foldings as 3-dim dynamical system 

As it has been mentioned before to study the transition from expansion to contraction it is 
convenient to use the analogue of the coordinates proposed in [531 



X 



3 H' 



AnG iJ.(j) 



H' 



(3.7.1) 

(3.7.2) 
(3.7.3) 



and rewrite eq. (3.1.1 ) as a system of ordinary differential equations on number of e-foldings 



N = \na/ainitiai (we omit ainuiai) 



here X' 
We can check that 



X 

y' 

z 



^. Note that due to ^ 



3x(?/ —hz ) + zy 
Sx'^y + zx, 

3^ 2/ . 



(3.7.4) 
(3.7.5) 
(3.7.6) 



H- 



I{x,y,z) 



H we have the following relation X' = X 

y^ + b'^z^, (3.7.7) 



X 
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where 6^ = is an integral of motion. Therefore, if we take the initial conditions 

x(0), ?/(0), z(0) such that 



this condition is true for ever. 



Z(N)3 
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Figure 11: (color online) A. The 3d-phase portrait of system (3.7.4)-(3.7.6 ). B. The plot 



presents dynamics in the z — N plane. C. The plot presents dynamics in the y — N plane. 



We present the 3-dimensional phase portrait of the system of equations (3.7.4)-(3.7.6 ) in 



A. This is a very remarkable phase portrait. First of all we see the constraint (3.7.7) in 



Fig 
Fig 

e- foldings, Nmax, that can make the tachyon with given initial data. Each trajectory reaches 
t his number when z ^ oo. 



A. We also see. Fig, 11 C, that for each trajectory there is a fixed number of maximal 



3.7.2 Tachyon dynamics on e-foldings as 2-dim dynamical system 



It is instructive to solve firstly the constraint (3.7.7) and then to study the dynamics of the 



reduced 2-dimensional system. Let us introduce the following parametrization 



X = sin ip cosh -d, 
y = sinht?, 

z = - cos cosh {}, 



(3.7.8) 
(3.7.9) 

(3.7.10) 



where 



- TT < Ip < TT, 

-oo < -i? < oo. 



Let us note that expansion solutions, H > 0, correspond to —tt/2 < ip < tt/2. The contract- 
ing solution corresponds to — tt < ip < — 7r/2 and 7:/2 < ip < n. Relations between ip and 
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and initial and H are given by the following formulae 

V2 



H 



sin?/' cosh t?, 

V2A tan?/), 
_ \/2h tanh?9 

fib 

cos ip cosh "i? ' 



(3.7.11) 
(3.7.12) 
(3.7.13) 

(3.7.14) 



here I = 



A • 



Equations (3.7.4) - (3.7.6) in these new variables have the form 

3 



79' 



sin^ ih sinh 2'(9 H — - sin 2ib cosh "i?, 
2 ^ 26 ^ ' 

1 3 

- cos^ sinh {} sin 2^t!. 

b ^ 2 ^ 



(3.7.15) 
(3.7.16) 



3.7.3 The phase portraits of the system of equations (3.7.15) and (3.7.16) 



The phase portrait of the system of eqs. (3.7.15) and (3.7.16) is presented in Fig, 12, The 3d 



plot of ^ and 'd as functions of found by numerical solution of the system of eqs. (3.7.15) 



and (3.7.16) is presented in Fig, 13 



In Fig, 12 A and 12 C we see that is almost constant for large i.e. for ■t}(N) > t^o 



i^{No) we have ^Ij{N) ^ ^/j{No) 
3.7.4 Critical points 



We can see in the phase portrait FigjT2] that there are the critical points. They solve the 
equations 



3 1 

- sin^ -ipo sinh 2'do + — sin 2-ipo cosh = 0, 



1 3 

- cos^ tpo sinh {}q sin 2iIjq 

b 2 



0. 



(3.7.17) 
(3.7.18) 



There are only the following real solutions to the system of equations (3.7.17) and (3.7.18) 



^0 


= ±^ 

2 


^0 




= 0, 




^0 


= TT, 


^0 = 



(3.7.19) 

(3.7.20) 
(3.7.21) 
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Figure 12: A. (color online) The phase portrait of the system of equations (3.7.15) and 
(3.7.16) for — vr < -i/; < vr and —2 < d <2. B. The phase portrait of the same system for 
small and positive and small "d. We see an attractor and trajectories go to the attractor 



from both sides of the part of the blue line. C. The phase portrait of system (3.7.15 )-(3. 7.16) 



for < < 7r/2 and large We see that starting at enough large values of the value of 
tl) is almost constant along the trajectories. 




Figure 13: (color online) A solution to (3.7.15) and (3.7.16) 
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3.7.5 Near critical points 

Let us examine the system near critical points ipo = i^Q = 0. Let us take, for example, 



^ ~ I _ A?/", and linearize (3.7.15) and (3.7.16). We get 



b 

3A^Ij. 



Solutions to (3.7.22) and (3.7.23) are given by 

1 



A^ = -{C2N + 2Cib)e 



Aij = C^-e'''. 



3N 



(3.7.22) 
(3.7.23) 

(3.7.24) 
(3.7.25) 



Let us write 



and H near this point. Taking into account (3.7.11 )-(3. 7.14) we get 
V2 



+ OiAr), 



'2A 



C2be^^ 6 
V2b fl 



3N 



H 



I 



bji 



-{C2N + 2Cib)e 



3N 



3N 



3N 



Cobe^^ 12 



C2be^^ 12 



l-UliC2N + 2C^b)e'^ 



(3.7.26) 
(3.7.27) 

(3.7.28) 
(3.7.29) 



3.7.6 Solution for the large d limit 



Let us keep in (3.7.15) and (3.7.16) only the terms that dominate in the large region. We 
have 

3 



i9' 



sin^^e^^ 



2b 



cos^ ipe . 



(3.7.30) 
(3.7.31) 



In Fig, 14 we can compare the phase portraits for the system of equations (3.7.15 ) and (3.7.16 ) 



with that of equations (3.7.30) and (3.7.31). From these plots we see that for the large 



limit the approximation (3.7.30), (3.7.31) works rather well and for small it does not works 
at all. 



From (3.7.30) and (3.7.31) we have 

di!} 3b sin^ ip 
2 cos^ ijj 



dip. 



That gives 



3b 



{ip - tenatp) + C, 



(3.7.32) 
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Figure 14: (color online) The comparison of the exact solution to (3.7.15), (3.7.16) (think 
lines) with the approximate solution (thick dotted lines). 



where 



3ft 

C=-(tan^o-V'o) + e-''°. 



Let us now substitute (3.7.32) into (3.7.31). We get 



1 cos^ ip 

2b f{^-tamP) + C' 



(3.7.33) 



We see that due to possible zeros of the denominator in the RHS of (3.7.33) singular points 
can appear. Since ip ~ tan?/' is negative, a positive C leads to a singularity. 

For us it is important that N increases during the dynamics (this corresponds to expan- 
sion), meanwhile ip can increase or decrease, this does not matter. We can say, that if the 



RHS of (3.7.33) is positive, then ip increases with increasing A^, or if the RHS of (3.7.33) 



is negative, then ^ decreases with increasing A^. In the case of a singularity, before the 



singularity ip increases, and after ip decreases, see Fig, 15 



We can solve (3.7.33) explicitly to get an implicit form of a dependence of on N 



where 



T(^,C,6)-T(^o,C,6) = iV-iVo, 

36^ 



(3.7.34) 



T(^,C,6) =3by tan^ + 3 6^1n(cosV^) 



2 {cosipy 



2C6tan^. 
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Figure 15: (color on line) 2d plot of the RHS of ( |3.7.33D for 6 = 2 and < ^ < 7r/2 
and different values of C: C=l (green pointed line), C=-5 (grey dashed line), C=5 (blue 
dashed-pointed hne) and C=0 (magenta solid line). 



From Fig, 16 we see that for positive values of C there are maximal values of T(?/^, C, h). 
These maxima are reached at some point < ipmax < 7r/2, that satisfies the relation 

2C 

^h{ll)raax - tan^/'ma^;) + 2C = ^ iWl'^raax " '^max = (3.7.35) 



If i^max is close to zero, we can expand the LHS of the second formula in (3.7.35) in the 
Taylor expansion and get "ipmax ~ {^Y^^- This obviously works for ^ < 1. 

For negative values of C the maxima are at ipmax = and these solutions correspond to 
decreasing N for increasing ip. 

Let us now examine what this approximation gives for the variables (p, (p. In the accepted 
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A. 



B. 



Figure 16: (color online) A. 2d plot of T{ilj,C,b) for different values of C and 6 = 2 (the 
solid aquamarine thick line corresponds to C = 5, the solid think line corresponds to C = 2, 
the dashed thick line corresponds to C = —5, the solid blue line corresponds to C = 0). B. 
2d plot of T{ip, C, h) for C = and 6 = 2. 



approximation (3.7.11 )-( 3. 7. 14) gives 



— - sm we , 

2A tan-?/', 
2A 1 



H 



fi cos ip ' 
2/ a/a 



cosip 



Note that instead of the Friedmann equation we have 



~3~Y 



SnG 1 



8nG 



3 2 



-A. 



(3.7.36) 
(3.7.37) 
(3.7.38) 

(3.7.39) 



(3.7.40) 



From formulae (3.7.37), (3.7.38) we see that increasing_?/^ within {0 < ^p < 7r/2) corre- 



sponds to increasing (f) and 0. From the phase portrait Fig 3^ we see that for increasing time 
keeping on the part of the solution corresponding to if > (but very small) we increase <p 
and 0. From this consideration we conclude that to know the behavior near the "separatrix" 
with positive H we can take the regime near ipmax from the left. We can also say that the 
field and its time derivative reach the values 



2A 



1 



^boundary 
^boundary 



/i COS Ipmax 

2 A tan ipmaxi 



(3.7.41) 
(3.7.42) 



(that belongs to the boundary of the forbidden region) and then dynamics becomes con- 
tracting. 
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So, we have the following picture: We start from some A'^o and some ipQ. Suppose that 
we take a suitable i^o (let us remind that we assume that is large enough) to guarantee 
that 



C > 0. Since we study dynamics with H > 0, i.e. the number of foldings should 
increase, A^o < Nmax{C). In this case we have increasing during the time evolution 
till N reaches Nmax{C). N^ax can be found from ( 3.7.34[ ) 



ri^Pmax,C,b)-Tii;o,C,b) + No. 



(3.7.43) 



• C = 0. In this case the number of foldings decreases with increasing ip, and as we have 
seen before, increasing ip corresponds to increasing 0. 

• C < 0, here we have also a decreasing number of e-foldings. 

We can estimate the dynamics near ip = ipmax- For this purpose let us expand T near 
^ = '^max- We have 



T(V',C,6) = T{^max,CM 
^ 3b tan ipmax 

2 COs'^tpmax 



(3.7.44) 

'^blpmax + -?,bia.\11pmax ) (^ " '4'maxf + 0{{lp - Ipmaxf) 



From the condition that we are near the maximum and < ipmax < 7r/2 it follows that 



2 bipmax + - C - "ibiampr. 



-btanipmax < 



Now eq. (3.7.34) takes the form 

f ^ -T{lPo, C, b) + T{lPmax, C,b)-N + No, 

where 



V{lp - Ipr, 

1 taxiipr, 



(3.7.45) 



V = —- 



(6 b'^lpmax + 4 6C - 9 6^ tan ipmax) > 



and we get 



2 C0S2 Ipmax 

1p = 'ipmax 77J V'^ii^max, C, b) - T{lpo, C,b) - N + Nq. 

As Ipmax and C are functions of the initial data denoting 

A/'O = ^{'ipmax, C, b) - T(^o, C, b) + ATo, 



(3.7.46) 



we can rewrite (3.7.46) as 



lP{N) = iPmax - -^T^V^O-N 



(3.7.47) 



Let's now find the dependence on the time. Due to (3.7.39) and (3.7.32) we have 

dt 



1 



cos ip 



dN 2lVXf{ip- tan iP) + C 
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Substituting here the exphcit dependence of ip on N , eq. (3.7.47), we get 



dN costp{N) 
No 21VA f (V^(Ar) - tan^(Ar)) + C" 



where i^i^N) is given by (3.7.47). Making the change of variables 
we get 



t,l/2 Mt;ctM COS('?/)maz " U) 



'V^^ ZVA f (^max - - tani^jjrnax - u)) + C 

Expanding the integrand near ipmax up to u we get 

t - to ~ iV^o-No - V^o - N) 



1 (smV'maxCOS'^^ax - 1) 2, / Ar Ar N 

+ 77= ^, . 3 / cos ^„ax(A^ - A^o)- 

/VA 36 sm^?/'^ 



(3.7.48) 



^max 



Let's keep only the leading term (linear in u). Then equation (3.7.48) can be rewritten as 



t^to-uy^K^, Afo-N^^^^, (3.7.49) 



1/2 



where u is the function of the initial data and has the form 

1 



/a/A^^ tan ijj^ 



Substituting this expression into the asymptotic for near (pboundary given by (3.7.41) we get 



^^^"^ COs(^^aa; - ^)' (3.7.50) 

4 Stretched Higgs in FRW 
4.1 Stretched coupling constant 

In this section we consider the case of non-positively defined Higgs potential. As it was 
mentioned in Introduction due to non-locality of the fundamental theory the effective stretch 
of a coupling constant occurs. We will write the equation of evolution in the following form 

e"'// f + 3/f - /xV) = (4.1.1) 



= ^1 ^(</>'-/iV) + 4e0^ + Al. (4.1.2) 
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Therefore, we have the ordinary theory with redefined constants 



where 



We have also 



+ 3iJ0-/i> = -ee//0^ (4.1.3) 



2 _ SvrGe// / 1 • 2 1 ,,2,2 , ^e// 



H' = -^[-^<P'-^^V + -^<P' + Aeff], (4.1.4) 



(4.1.5) 
(4.1.6) 
(4.1.7) 











^eff 


= Ae-^'ff 


H = 





(4.1.8) 



4.2 Phase portraits for different Ae// 

In this subsection we consider the phase portraits for the Higgs field for different values of 
the total cosmological constant. The Friedmann equation has the form (here and below we 
write G, e instead Gefj and eg//) 

= ^Q<^' + ^('^'-«T + a), (4.2.9) 

where 

A = Ae// - 

We will consider the cases A > 0, A = and A < 0. As we just mentioned the unusual case 
A < appears due to the effect of the stretch of coupling constant in nonlocal theory. 



4.2.1 The case of Higgs potential without extra cosmological constant, Ag// 



eg"* 
4 



In this case we deal with the potential presented in Fig, 17 A. and the phase portrait doesn't 
have a forbidden domain. This case has been considered in many works and we discuss it in 
Sect. 2. 



4.2.2 A 







In the case Ag// = 0, see Fig 17 B., the phase portrait does have the forbidden region and 
the reheating domain is totally or partially removed (dependently on the trajectory). The 
characteristic feature of this case is an appearance of the contraction regime. To see this 
let's consider this case in more details. 
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A. 



B. 



C. 



Figure 17: A. The potential in the case Ae// 

A 

C. The^p^t^ntial in the 



eg 
4 •. 



B. The potential in the case A, 





A. 



B. 



Figure 18: (color online) A. The phase portraits of equation (4.2.10). The forbidden region 
consists of two merged holes. Colored line presents the trajectory starting from some point 
of the phase diagram. The trajectory reaches the border of the forbidden area. B. The 



phase portrait of equation (4.2.11). Colored line presents trajectory that is continuation of 



the trajectory presented in the left panel. It is a solution to the Friedman equation with 
negative values of H. 

Our goal is to see the future and the past singularities of the Higgs scalar field in the 
FRW metric. EOM describing inflation is 



+ 3i 



/SttG / 1 • 



(4.2.10) 



The phase portrait of this system is presented in Fig, 18 A. The contraction phase satisfies 
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equation 



'SttG / 1 



P' 



2^ 2^ r 



(4.2.11) 



and its phase portrait is presented in Fig, 18 B. To study the infinite phase space following [51] 
let us use dimensionless variables {X,Y,Z) (3.3.2 )-(3.3.4). In these variables the dynamical 
system has the form 



Xr = Y, 

Yr = X -3ZY - gX^, 

= -X^ - 2Y^ - Z^ + -X^ 



(4.2.12) 
(4.2.13) 
(4.2.14) 



where q = ef 

The integral of motion is 



To describe A 



we take 



2 



X^ + Y^-Z^ + ^X^ = 0. 



(4.2.15) 



The Friedmann equation keeps the dynamics of the system on the surface (4.2.15). This 
surface has two parts: one corresponds to expansion {H > 0) and the second one corresponds 
to contraction. 



The phase portrait of the dynamical system (4.2.12)-(4.2.14) is presented in Fig, 18 



To study the infinite phase space we use the spherical coordinates (p, 6, ip) (3.3.9)-(3.3.11 ), 
see Section 3. In these coordinates EOM have the form 



pa 



P(l-P)' 



9 



sin 2il) SIT? 9 



P 



1-p 



cos ^(1 + 4 sin^ -ip sii? 



a-py 



cos^ ip sin^ 9 ( sin ip sin 9 sin 29 cos ip 



3 p2 
— -psin 2ip cos 9 + (1 — p) cos 2ip — g-^ sin^ 9 cos^ ip 

-(1 — p) sin 2-0 sin 26' + psin 9{1 + sin^ ip — 4sin^ ip cos^ i 



9 



2 (1-p)' 



sin^ 9 cos^ Ip 



(4.2.16) 
(4.2.17) 

(4.2.18) 



The phase portrait of this system of equations is presented in Figjl9) We see that 
trajectories are symmetric under the refiection with respect to the boundary of the forbidden 
area. We also see the two singular points - at the past (cosmological singularity) and the 
same in the future. 
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Figure 19: (color online) A. The phase portrait of equations (4.2.16) - (4.2.18) in the (p, 6)- 
plane. The black thin line corresponds to 6 = ±tt/2. Blue parts of lines represent contraction 
and red parts represent expansion. We see the symmetry with respect to replacing the red 
parts by the blue parts of lines. FS and PS are future and past cosmological singularities. 
B. The 3-dimensional plot in {p,9,ip) coordinates of the same phase portrait. 



4.2.3 < Ae// < ^ 

In this case the potential is presented in Fig,17 C, the forbidden domain contains two non- 
connected parts. 

Near the top of the potential the Higgs potential can be approximated with the tachyon 
potential 

V{<P)^-—<P'' + K,fj. (4.2.19) 

We can note that near the top of the hill the slow-roll conditions can be satisfied and 
the scenario of "new inflation" is possible. To illustrate this we present the plot for slow-roll 



parameters e and \rj\ depending on the value of in Fig 20 A and B. As we see near the top 
the tachyon approximation can represent the exact model. 

To get some estimation in the region near the top one can use the same technique as in 
the Section 3. 



5 Conclusion 

To conclude, let us remind that our logic was the following. We started from nonlocality. 
Using the "stretched" arguments presented by |25l [26] we have got non-positive defined 
potential. There exist a region where we can use the tachyon approximation. For free 
tachyon there are 4 eras of evolution: i) from the past cosmological singularity to reaching 



35 



A. 



B. 



Figure 20: (color online) A. The slow-roll parameter e depending on the value of 0. The solid 
line represents the plot in the case of the exact Higgs potential, the dashed line represents 
the plot in the case of the tachyon approximation. B. The slow-roll parameter |?7| depending 
on the value of cf). The solid line represents the plot in the case of the exact Higgs potential, 
the dashed line represents the plot in the case of the tachyon approximation. 

the hill, ii) rolling from the hill, iii) transition from expansion to contraction, iv) contraction 
to the future cosmological singularity. 

For the Higgs model with an extra negative cosmological constant and small coupling 
constant produces 5 eras of evolution: i) the ultra-hard regime starting from the past cos- 
mological singularity, ii) reaching the hill (here we can use the free tachyon approximation), 
iii) rolling from the hill (here we can use the free tachyon approximation), iv) the transition 
from expansion to contraction (here we can use the free tachyon approximation), 
v) contraction to the future cosmological singularity. 

Let us note that there are the following differences between dynamics for positively 
defined and non-positively defined potentials in the FRW cosmology. For non-positively 
defined potential there is a stage of transition from expansion to contraction and there is no 
the oscillation regime ending with the zero field configuration. To obtain the era of reheating 
for the Higgs potential with an extra negative cosmological constant one can introduce an 
extra matter interacting with the Higgs field. 
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